GEOMETRY OF PARAQUATERNIONIC KAHLER MANIFOLDS WITH 
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Abstract. We study the geometry of PQKT-connections. We find conditions to the existence of 
a PQKT-connection and prove that if it exists it is unique. We show that PQKT geometry persist 
in a conformal class of metrics. 
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1. Introduction and statement of the results 

The geometry of locally supersymmetric vector multiplets in dimension (1, 3) is known as projec- 
tive special Kahler geometry. As indicated by the name, such manifolds can be obtained from affine 
special Kahler manifolds (with homogeneity properties) by a projectivization. This can also be un- 
derstood from the physical point of view in terms of the conformal calculus. One first constructs a 
superconformally invariant theory and then eliminates conformal compensators by imposing gauge 
conditions. This gauge fixing amounts to the projectivization of the scalar manifold underlying 
the superconformal theory ^2Z« ^1 !S1 ^ il^ IS ^M- Based upon this results such a 

construction could be adapted to the case of Euclidean signature and projective special paraKah- 
ler manifolds are constructed in In Minkowski signature the coupling to supergravity implies 
that the scalar geometry is quaternionic-Kahler instead of hyper-Kahler manifolds 0. The relation 
between these two kinds of geometries can again be understood as projectivization, because every 
quaternionic-Kahler manifold can be obtained as the quotient of a hyper-Kahler cone ^23- The iden- 
tification of the scalar geometry of Euclidean hypermultiplets in rigidly supersymmetric theories is 
made in ^j. The fact, that the scalar manifolds of Euclidean hypermultiplets are hyper-paraKahler 
manifolds is one of the main results in |15j . 

Date: 2nd February 2008. 
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We recall that an almost hyper paracomplex structure on a 4n- dimensional manifold M is a 
triple H = {Ja),a = 1,2,3, of two almost paracomplex structures and one complex structure 
Ja : TM TM satisfying the paraquaternionic identities 

Ja = ^a, JaJp = —JpJa = -£7^7, «, /?, 7 = 1, 2, 3, ei = £2 = —£3 = 1. 

Here and henceforth (a,/5, 7) is a cyclic permutation of (1,2,3). 

When each Jq, is an integrable almost (para)complex structure, H is said to be a hyper paracom- 
plex structure on M. Such a structure is also called sometimes pseudo-hyper-complex Any 
hyper paracomplex structure admits a unique torsion-free connection preserving Ji, Ji, J3 (21 [H] 
called the complex product connection. Examples of hyper-paracomplex structures on the simple 
Lie groups SL{2n + l,R),SU{n,n + 1) are constructed in [28j . 

Almost paraquaternionic structures are introduced by Libermann (Libermann called them almost 
quaternionic structure of the second kind) [33J. An almost paraquaternionic structure on M is 
a rank-3 subbundle P C End(TM) which is locally spanned by an almost hyper-paracomplex 
structure H = (Ja)] such a locally defined triple H will be called an admissible basis of P. A 
linear connection V on TM is called paraquaternionic if V preserves P, i.e. V^o" £ r(P) for all 
vector fields X and smooth sections a € r(P). An almost paraquaternionic structure is said to be 
a paraquaternionic if there is a torsion-free paraquaternionic connection. A P-hermitian metric is a 
pseudo-Riemannian metric which is compatible with P in the sense that g{JaX, JaY) = —eag{X, Y), 
for a = 1, 2, 3. The signature of g is necessarily of neutral type (2n, 2n). An almost paraquaternionic 
(resp. paraquaternionic) manifold with a P-hermitian metric is said to be an almost paraquaternionic 
Hermitian (resp. paraquaternionic Hermitian) manifold. 

For n > 2, the existence of a torsion-free paraquaternionic connection is a strong condition 
which is equivalent to the 1-integrability of the associated GL{n, H)Sp{l,W) -structure [2, 3J. The 
paraquaternionic condition controls the Nijenhuis tensor in the sense that N{X,Y)Ja := Na{X,Y) 
preserves the subbundle P. An invariant first order differential operator D is defined on any almost 
paraquaternionic manifolds which is two-step nilpotent i.e. = exactly when the structure 
is paraquaternionic |29| . If the Levi-Civita connection of a paraquaternionic hermitian manifold 
(M, g, P) is a paraquaternionic connection then (M, g, P) is called Paraquaternionic Kahler (briefly 
PQK). This condition is equivalent the statement that the holonomy group of g is contained in 
Sp{n,R).Sp{l,'R) j2Hl- A typical example is the paraquaternionic projective space endowed with the 
standard paraquaternionic Kahler structure Any paraquaternionic Kahler manifold of dimension 
4ri > 8 is known to be Einstein (SJEEl- If a PQK manifold there exist a global admissible basis (H) 
such that each almost (para)complex structure (Jq) € {H),a = 1, 2, 3 is parallel with respect to the 
Levi-Civita connection then the manifold is called hyper para-Kahler (briefly HPK). Such manifolds 
are also called hypersymplectic [SHj, neutral hyper-Kahler ^Hl In this case the holonomy 

group of g is contained in Sp{n,'M.), n > 1 j^. Twistor and reflector spaces on paraquaternionic 
Kahler manifold are constructed and the integrability of the associated (para)complex structures 
are investigated in jH] and j2lj, respectively. These constructions work also in the paraquaternionic 

case jnni- 

A natural generalization of PQK spaces is the notion of paraquaternionic Kahler manifolds with 
torsion (briefly PQKT) which means that there exists a paraquaternionic connection preserving the 
metric g with totally skew-symmetric torsion of type (1,2) -|- (2,1) with respect to each J^. More 
general, if one considers the same construction in the general case of an almost paraquaternionic 
structure and defines the almost complex structure on the twistor space (resp. almost paracomplex 
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structure on the reflector space) using horizontal spaces of an arbitrary linear connection than the 
integrability condition is equivalent to the condition that the torsion is of type (0, 2) with respect 
each Ja [221 ■ The main object of interest in this article is the differential geometric properties of 
PQKT manifolds. 

In section 2 we find necessary and sufficient conditions for the almost paraquaternionic structure 
to be paraquaternionic structure if the dimension is at least 8 f Theorem 12 .611 . 

In section 3 we find necessary and sufficient conditions to the existence of a PQKT connection 
in terms of the Kahler 2-forms and show that the PQKT-connection is unique if the dimension is 
at least 8 (Theorem 13 .511 and we prove that the PQKT manifolds are invariant under conformal 
transformations of the metric. 

In section 4 we prove that the (2,0) + (0, 2)-parts of the Ricci forms pa, P/3 with respect to 
coincide if the dimension is at least 8 f Theorem I4.4|l . We define torsion 1-form t as a suitable trace 
of the torsion 3-form and show that pa is of type (1, 1) with respect to Ja if and only if dt is of 
type (1,1) with respect to each Ja,a = 1,2,3 provided the dimension is at least 8 (Theorem I4.7|l . 
We show that *-Ricci tensor /j* is symmetric if and only if dt is of type (1, 1) with respect to each 
Ja,a = 1,2,3 (Corollary Ol- 

In section 5 we show that there are no homogeneous proper PQKT manifolds (i.e. homogeneous 
PQKT which is not PQK or HPKT) with dT of type (2,2) provided that the torsion is parallel and 
dimension is at least 8 f Theorem 15. 3p . 

2. Almost Paraquaternionic structures 

In this section we study of the integrability of almost paraquaternionic structures. We recall that 
an almost paraquaternionic structure is G-structure with structure group GL{n, H).Sp{l,M.)= 
GL(2n, ]R).5p(l, M). The almost paraquaternionic structures are studied intensively in the last 
years, especially in the case of hyper-paraKahler and paraquaternionic Kahler |2n l36l 171 [fll [T? H 130] 
i.e. the structure group is further reduced to Sp{n,M.) or 5'p(n, M).5'p(l, M). 

Let V be a paraquaternionic connection i.e. 

(2.1) VJd = ujfs <S) J-y + e^uj^ J/3, 

where uJa, ot = 1,2,3 are 1-forms. 

Here and henceforth (a,/3, 7) is a cyclic permutation of (1,2,3). 

The Nijenhuis tensor Na of an almost (para)complex structure Jq, is given by 
Na{X, Y) = [JaX, JaY] + ea[X, Y] - J,[J„X, Y] - J,[X, J^Y]. 

It is well-known that an almost (para) complex structure is a (para) complex structure if and only 
if its Nijenhuis tensor vanishes. 

The Nijenhuis bracket [[A, B\\ of two endomorphisms is defined in terms of the Lie bracket of 
vector fields in the following way: 

[[A, B]\{X, Y) = [AX, BY] - A[BX, Y\ - B[X, AY] + [BX, AY] - B[AX, Y] - A[X, BY] + 

+ {AB + BA)[X,Y] 

and \[Ja,Ja]]{X,Y) = 2Na{X,Y). 

Proposition 2.1. Let H = {Ja) he an almost hyper-paracomplex structure on M . 
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1) There exist connection V*^^ which preserves H. The connection V*^^ is given by 

1 ^ 
(2.2) V$^y = — ( {Ja[J/3X,J^Y]-J^[J^X,JfsY])-2Y,{^aJa[JaX,Y]-eMX,JaY])y 



12 

{",/3,7) 



"15 Jal^] " e,J„[JaX,y] - e„J„[X, + [x,y]) + ^[X,Y], 

a=l 

where (a,/?, 7) indicates sum over cyclic permutations o/(l,2,3). 



2) its torsion tensor T satisfies 

1 ^ 

(2.3) r^ = -T^E^"[['^-"^-]]' 



«=1 

/or any two vector fields X, Y . 

Proof. One verifies easily that the formula (|2.2j) defines a connection V*^^ which preserve H and 
whose torsion tensor is given by (|2.3j) . Q.E.D. 

Remark 2.2. If we denote by 

1 ^ 1 

V^y = — ( {Ja[JpX,J^Y\-Ja,[J^X,JpY])-2Yi^MJo.X,Y]-tMX,Jc,Y])) + -[X,Yl 

(a,/3,7) a=l 

then the connection V" is characterized by the following properties: 

1) It is torsion-free: = 0; 

2) voj„ = -i[r^,j„]. 

The V*^^ connection can be written as 

V^^ = V° + ^T^. 

We need from the following 

Lemma 2.3. Let H = (Ja) be an almost hyper-paracomplex structure on M . Then for any vector 
X, Y the following formulas hold: 

(2.4) [[Ja, JM^^y) = JaT'^ix, jpY) + j„r^(j^x,y) + JpT^'ix, j^Y) + j^r^(j„x,y)- 

+JpT^{JaX,Y) - T^{JaX, JpY) - T^iJpX, J^Y)- 

(2.5) -12e^r^(X,y) = J„[[J,, Jp\]{X, JpY) + J„[[J„, Jp\]{JpX,Y) + J^[[J,, J^]](X, j„y)+ 

+ ^/3pa,^,3]](^^,>^) - pa, J;3]](^^, W " Pa, J/3]](J/3^, ^y); 

(2.6) ^[[^,^]](x,y) = -e,r^(x,y) + j,r^(x, j,y) + j,T^(j,x,y) -t^(j„x, j,y); 

(2.7) 2[[J,, Jj(X,y) = [[J^, J^]](J^X, J^y) - ,L\[Jp,Jp]]{J.,X,Y) - J^[[Jp,Jp]]{X,J^Y)- 

e^[[Jp,Jp]]{X,Y) + [[J^,J^]]{JpX,JpY) - Jp[[J^,J^]]{JpX,Y)- 
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-Jp[[J^, J^]]{X, JpY) - e^[[J^, J^]](X, Y) 

Proof. The first three of these equahties follow by definition with long but standard computation. 
The fourth equality is a Proposition 6.1 in pflj. Q.E.D. 

As an application of these formulas we obtain necessary and sufficient conditions an almost 
hyper-paracomplex structure H to be hyper-paracomplex structure. 

Proposition 2.4. Let H = {Jo) be an almost hyper-paracomplex structure on M . Then the follow- 
ing conditions are equivalent: 

1) H is a hyper-paracomplex structure; 

2) two of the almost (para)complex structures Ja (a = 1,2,3) are integrable; 

3) one of the Nijenhuis brackets [[Ja, Jp]] (o 7^ P) is zero. 

If one of this condition is verified all Nijenhuis brackets [[Jq,, Jg]], Va,/3 vanish. 

Proof. If H is hyper-paracomplex then = and 2), 3) follow by H2.6() . ()2.4|) respectively; 
Vice- versa, 2) or 3) imply 1) by (|T7|) . (^3)) respectively. Q.E.D. 

Proposition 2.5. Let P be an almost paraquaternionic structure and H = {Ja) be an admissible 
basis ofF. Let V be a globally defined connection which preserve P and let T be its torsion tensor. 
Then 

1) There exist globally defined connection which preserves P. The connection is given by 
(2.8) V\Y = VxY + Y^ieaha - -eah o Ja){X)JaY- 



a=l 

3 

12 



^ ^(T(X, Y) - eaT{JaX, JaY) + eaJaT{X, JaY) + eaJaT{JaX, Y)), 
a=l 

where ba, b are local 1-forms defined by 

^ ^ in 3 

ba{X) = _ .^ tr{JaT{X)) = - 2^_i Yl ^i9{T{X, e^), J^ei), ^ = ^ o a = 1, 2, 3; 

i=l a=l 

2) The torsion tensor of is given by 
(2.9) = T" + d{C"), 

where = Y^a=i ^aO-a ® Ja, d denotes the operator of alternation and 

a^{X) = -L-triJaT'^iX)) = -_L_ |] e,5(r^(X, e,), J^e^), a = 1,2,3 



are the structure 1-forms of H . 
Moreover 



(2.10) ^e„a^oj^ = 0. 



a=l 
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Proof. For any connection V with torsion tensor T preserving P we have 

-2T{JaX, j^Y) + 2j„r(j„x,y) + 2j«r(x, j^y) - 2e^r(x,y). 

Thus, we have 

(2.11) QT^{X,Y)+d ^ ((2e/3W„ + e^tJ^o J^-e^w^o J^)0 J„)(X,y) = 

(a,/3,7) 

3 

One verifies easily that the formula H2.8I) defines a connection V''" which preserve P and whose 
torsion tensor is 

3 

(2.12) 6rP(x,y) = ^(r(x,y) + e„r(j„x, j„y) -e„j«r(j„x,y) -e„j„r(x, j„y))+ 

a=l 

3 1 

+6a J^((e„6, - -h o J,) ® J„)(X,y) 
Taking the appropriate trace in (|2.11() . to get 

(2.13) Se^a^ = (2e/3u;Q, + 6/30;^ o - eo-W/j o J^) + (2eQ,6a + 6/3 o - 6^ o J^). 

Now, equalities (ITTTI) . (ITT^ and (IFHl) prove (gill). The equahty (lOTIl) follows from (im . 
Q.E.D. 

The following theorem gives the necessary and sufficient condition for an almost paraquaternionic 
structure to be paraquaternionic structure. 

Theorem 2.6. An almost paraquaternionic structure P is paraquaternionic structure if and only if 
T^ = 0. 

Proof. 1) Assume = 0. Then has the form 

3 

a=l 

It is easy check that V = + Yla=i ^ada ® Ja is torsion-free connection. Prom equalities 
V Jq = (8> J-^ + e^cJy <S> Jg, where aJa = Wq, — 'ie^a^ it follows that V preserves P. 

2) How let V be a paraquaternionic connection and H = (Ja) an admissible basis of P. For any 
torsion-free connection V preserving P we have 

[[-^Q, Ja]] = 2d{{e^u;-y o J„ - epujp) <^Jf3 + (up o + uj-y) (g) J^) 

Thus we obtain 

(2.14) 6T^ = —d {2epUJa + ^pU^ ° — ^a^p ° J'y) ^ Ja- 

(",/3,7) 

From the formula ^J^, we get 6T^ = -6dT.l=i ^aa^ (g) J^. Hence = 0. Q.E.D. 
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3. Characterizations of PQKT connection 

Let {M,g,{Ja) € P,a = 1,2,3) be a 4n- dimensional almost paraquaternionic manifold with P- 
hermitian pseudo-Riemannian metric g. We shell work locally with an admissible basis (Jq). The 
Kahler form Fa of each Ja is defined by Fa = g{., Ja-)- The corresponding Lee forms are given by 

9a = —CaSFa o J^. 

For an r-form ■0 we denote by Ja^P the r-form defined by Jq,V'(^i, X^) := {—l)'''^p{JaXl, J^Xj,), 
a = 1, 2, 3. We shall use the notations daFp[X, Y, Z) = —dFp{JaX, JaY, JaZ), a, (3 = 1, 2, 3. 

We recall the decomposition of a skew-symmetric tensor P G Is?T*M (g) TM with respect to 
a given almost (para)complex structure Ja- The (1,1), (2,0) and (0,2) part of P are defined by 

P^'\jaX,JaY) = -eaP''HX,Y),P^fi{JaX,Y) = JaP^^ (X ,Y) , P^'^JaX ,Y) = - JaP'^'^ (X ,Y) , 

respectively. 

For each a = 1,2,3, we denote by dF+ (resp. dF') the (1,2) + (2,l)-part (resp. (3,0) + (0,3)- 
part) of dFa with respect to the almost (para)complex structure Ja- We consider the following 
1-forms 

^ 4n 

0a,i3 = ea-'^eidF^{X,ei,Jf3ei), a,/3 = 1,2,3. 

i=l 

Here and further ei, 62, . . . , e^, e^+i = J3ei,e„+2 = J3e2,---,e2n = -^3e„,e2n+i = Jiei,e2n+2 = 
Jie2, ■ ■ ■ ,esn = Jien,e3n+i = J2ei,esn+2 = </2e2, • • • , e4„ = J2e„ where JiCj = e2n+i, JiSn+i = 
e^n+iiJie-i = e^n+i, J2en+i = —e-2n+i-, J'ie-2n+i = —e3n+i, Js^i = e2n+i,i = l...n and g{ei,ei) = ei 
where e, = = 1, . . . , 2n and = — l,i = 2n-|- 1, . . . , 4n is an orthonormal basis of the tangential 
space. 

Note that 6a,a = da- 
Let T{X, Y) = Vx^^ — VyX — [X, Y] be the torsion tensor of V. We denote by the same letter the 
torsion tensor of type (0,3) given by T{X, Y, Z) = g(T{X, Y), Z). The Nijenhuis tensor is expressed 
in terms of V as follows 

Na{X,Y) = -e„4rO'2(X,y) + {Vj^xJaW) - {Vj^YJa){X) - {VYJa){JaX) + {VxJa){JaY), 

where the (0,2)-part T^'^ of the torsion with respect to Ja is given by 

(3.15) T^'\X, y) = i {T{X, Y) + eaT{JaX, JaY) - eaJaT{JaX, Y) - eaJaT{X, JaY)) . 

A 3-form ip is of type (1,2)-|-(2,1) with respect to an almost (para)complex structure Ja if and only 
if it satisfies the equality [30] 

(3.16) -ea^{X, Y, Z) = ^{JaX, JaY, Z) + V( JaX, y, JaZ) + ^{X, JaY, JaZ). 

Definition. An almost paraquaternionic hermitian manifold {M,g, (Ha) € P) is a PQKT manifold 
if it admits a metric paraquaternionic connection V with totally skew symmetric torsion which 
is (l,2)-|-(2,l)-form with respect to each Ja,a = 1,2,3. If the torsion 3-form is closed then the 
manifold is said to be a strong PQKT manifold. 

It follows that the holonomy group of V is a subgroup of Sp{n,W).Sp{l,'K). 

By means of (EHJ, (|3T5|l and l(3T6|l . the Nijenhuis tensor A^^ of Ja,a = 1,2,3, on a PQKT 
manifold is given by 

(3.17) NaiX,Y) = -Aa{Y)JfsX + Aa{X)Jf,Y - JaAa{Y)J^X + JaAa{X)J^Y, 
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where 

(3.18) Aa = U)p — EctJa^'y- 

Remark 1. The torsion of V is a (1,2) + (2,1)- form with respect to any (local) almost (para)complex 
structure J G P . In fact, it is sufficient that the torsion is a (l,2) + (2,l)-form with respect to the 
only two almost (para) complex structures of {H) since Proposition 6.1 in [201 gives the necessary 
expression of Nj^ by Nj^^ and Nj^. Indeed, it is easy to see that the formula from the Proposition 

6.1 in jnni holds for the (0,2)-part Ta'^,a = 1,2,3, of the torsion. Hence, the vanishing of the 
(0,2)-part of the torsion with respect to any two almost (para)complex structures in {H) implies 
the vanishing of the (0,2)-part of T with respect to the third one. 

On a PQKT manifold there are three naturally associated 1-forms defined by 

^ 4n 

(3.19) t„(X) = e„-^eir(X,ei, J„ei), a = 1,2, 3. 

i=l 

Following jSn], we have 

Proposition 3.1. On a PQKT manifold Jiti = J2t2 = ^3^3- 
Proof. Applying (|3.16jl with respect to we obtain 

^ 4n ^ 4n 

ta{X) = ea- ^ eiT{X, a, JaCi) = - 2 X] "^/^ei' Ji^^i) 

1=1 i=l 
^ 4n ^ An ^ in 

= - ^ eiT{J/3X, Cj, J^Bi) + 2 X] ^*^('^-«^' '^i^i) ~ ^ eiT{X, a, Jaei). 

i=l i=l i=l 

The last equality implies ta = ea^pJpt^ which proves the assertion. Q.E.D. 
We introduce the torsion 1-form on PQKT manifolds by the equality 

^ An 

(3.20) t{X) = - 2 ^o.e^T{J^X, e„ J„e,). 

i=l 

We need the following 

Lemma 3.2. For a three form T of type (1, 2) + (2, 1) with respect to each Ja one has 

An An ^ 

^ eiejg{T{ei,ej),T{J^ei,Jpej)) = 0, ^ eiejg{T{ei,ej),T{Jpei, JpCj)) = --ep\T\^, 

i,j=l i,j=l 

where | • p denotes the norm with respect to the metric g. 

Proof. This proof is very similar to the proof of Lemma3.2 in |2^ and we omit it. Q.E.D. 
Further, we have 

Theorem 3.3. Let {M, g, {Ja € P) 6e a 4''^- dimensional PQKT manifold. Then the following 
identities hold 

An 

(3.21) ^i{^xT){JoX. eu JaCi) = -2ea{Vxt){Yy, 
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4n ^ 4n 

(3.22) ^ eiejdT{ej,Jaej,eiJaei) = 8eQ,5t - 8eQ,|tp + -eolTp, ^ eiejdT{ej, Ji3ej,eiJ^ei) =0, 

i,j=l i,j=l 

where 6 is the codifferential with respect to g. 

Proof. The formula H3.21I) follows from (|2.1I) and definition ()8.2n() of the torsion 1— form by 
straightforward calculations. To prove (|3.22|) we need the expression of dT in terms of V pOl I25| . 

(3.23) dT{X, Y, Z, U) = {(VxT)(y, Z, U) + 2g{T{X, Y),T{Z, U)] - {VuT){X, Y, Z), 

where ^yz denotes the cyclic sum of X, y, Z . Taking the appropriate trace in (|3.23j) and applying 
Lemmr l3^ we obtain the first equality in l|3.22|) . Finally, from (|3.23|) combined with (|3.21j) and 
Lemmr l3^ we get that 

4n 4n 

eiejdT{ej,Ji3ej,eiJ^ei) = -4 ^ eiejg{T{ei,ej),T{J^ei, J/sej)) = 0. 

i,j=l i,j=l 

Q.E.D. 



Theorem 3.4. Every PQKT is a paraquaternionic manifold. 

Proof. This is an immediate consequence of (|3.17() and Theorerr )2.6l Q.E.D. 

However, the converse to the above property is not always true. In fact, we have 

Theorem 3.5. Let {M,g,{Ja. G ¥) be a ^n- dimensional (n > 1) paraquaternionic manifold with 
¥-hermitian metric g. Then M admits a PQKT structure if and only if the following conditions 
hold 

(3.24) {dM^ - {dpFp)+ = ^ {e^Ka /\ F(3 - epJ^Kp A F„ - ea{Kp - .JaKo,) A F^) , 

where {daFa)~^ denotes the (1,2)+(2,1) part of (daFa) with respect to Ja,ce = 1,2,3 and the 1- 
forms Ka,a = 1,2,3, are given by 

(3.25) Ka = {eaJf^Oa + e/3^a,7) • 

The metric paraquaternionic connection V with torsion 3-form of type (1,2) + (2,1) is unique and is 
determined by 

(3.26) V = + ^ {^{dM^ - \ {eaJaKa AF^ + e^K^ A Fp)^ , 

where is the Levi-Civita connection of g. 

Proof. To prove the 'if part, let V be a metric paraquaternionic connection satisfying (|2.ip which 
torsion T has the required properties. We follow the scheme in (2^]. Since T is skew-symmetric, we 
have 

(3.27) V = V3 + It. 
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We obtain usine; (ITTTl and (IT27I1 that 

(3.28) i (T(X, J,y, Z) + {T{X, Y, J^Z)) = -g ((V^J^Y, Z) 

-LOpiX)F^{Y, Z) - e^uj^{X)Fp{Y, Z). 
The tensor V^Jq, is decomposed by parts according to VJq = (VJo)^'*^ + (VJq,)^'^, where jSHlESl 

(3.29) g ((V^J„)2'0y,Z) = (e„(dF«)+(X, J„y, J„Z) + {dF^)+ {X,Y, Z)) 

(3.30) g((v^j«)0'2y,z) = i(5(A^„(x,y), j„z) -<7(7v„(x,z), j„y) -5(iv,(y,z), j„x)) 

Taking the (2,0) part in ^^TMf we obtain using ^^TIJ^ that 

(3.31) r(x, j,y, z) + T{x, y, j„z) = (e«dF+(x, j,y, j„z) + c^f+(x, y, z)) 

-C«(X)F^(y, Z) + e^C^{J^X)Fp{Y, Z), 

where 

(3.32) Cq, = LOp + eQ, JqCJ^. 

The cychc sum of (|3.3ip and the fact that T and {dFa)^ are (l,2)+(2,l)-forms with respect to each 
Jq,, gives 

(3.33) T = (daFa)^ - ^ {eaJaCa A + e.,Ca A F^) . 
Further, we take the contractions in (|3.33|l to get 

(3.34) Jata = ^pJ^Gp^a — neaJjCfS, 

Using Proposition 13. H (|3.18p and H3.32jl . we obtain consequently from (|3.34p that 

(3.35) f-a^a = —JaCp + CaJ-yC^ = Jj3 (^'7 — O/b) , 

(3.36) {n -l)eyJpCa = Oa + eaJpOa,^. 

Then and follow from JH^and (lOfill . 

For the converse, we define V by (|3.26p . To complete the proof we have to show that V is a 
paraquaternionic connection. We calculate 

9 {{VxJcdY, z) = g ((v^ J«)y, z) + i (r(x, j,y, z) + r(x, y, j„z)) 

= -a;;3(X)F7(^> ^) - eyOJ^{X)Fp{Y, Z), 
where we used KM^ . itOKll . ([T25p . (jTTSll . ([T32ll and the compatibility condition (lO^ to 

get the last equality. The uniqueness of V follows from (|3.26p . Q.E.D. 

In the case of hyper-paraKahler manifold with torsion (briefly HPKT), Ka = dF~ = and 
Theorem 13.51 is a consequence of the general results in which imply that on a para-Hermitian 
manifold there exists a unique linear connection with totally skew-symmetric torsion preserving the 
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metric and the (para) complex structure. 

As a consequence of the proof of Theorem 13.51 we get 

Proposition 3.6. The Nijenhuis tensors of a PQKT manifold depend only on the difference be- 
tween the Lie forms. In particular, the almost (para)complex structures Ja on a PQKT manifold 
{M, (Ja) G P, g, V) are integrable if and only if 

Oa = = By 

Proof. The Nijenhuis tensors are given by l|3.17|l and (|3.35p . Q.E.D. 
Corollary 3.7. On a ^n- dimensional PQKT manifold the following formulas hold 



(3.37) (n^ + n)9a — ri9f3 — n^O^ — epJ^yOis^a — ne^JaO^^p + (n + l)eaJf30a,-y = 0. 

If n = 1 then 9a = —iaJpQa,"! = ^aJ'y(^a,l3- 

Proof. The first formula follows directly from the system H3.34jl . Solving the system (|3.34p with 
respect to we obtain 

(3.38) (n^ - l)e^ JgCa = (Oa + e/sJ^Ofs^a) + n{9fs + e^JaO^^fj) + n^{0y + eaJf30a,-y)- 

Then H3.37p is a consequence of itOsll and (lOfill . The last assertion follows from (IT3fill . Q.E.D. 

Corollary 3.8. On a ^n- dimensional (n > 1) PQKT manifold the sp{l,M.)-connection 1-forms are 
given by 

(3.39) U/B = -eaJ/3 ^6*7 -0/3 + Y~^^'^^ + 2(1 - nf ^^"''^' 

Proof The proof follows in a straightforward way from (TOKll . (l!OHll . XTWi and (l!0^ . Q.E.D. 

Theorem 13.51 and the above formulas lead to the following criterion 

Proposition 3.9. Let {M,g,{Ja)) be a 4n- dimensional (n > 1) PQKT manifold. The following 
conditions are equivalent: 

i) iM,g, (H)) IS a local HPKT manifold; 

ii) daF+ = dpF+ = dyF+; 

Hi) 6a = —eaJl36a,'y 

Proof. If {M,g, (H)) is a HPKT manifold, the connection 1-forms Wq, = 0, a = 1,2,3. Then ii) 
and iii) follow from (IO2I1 , (lOfill, (l3'25|l and l(3'2^ . 

If iii) holds, then (j3.36|l and (|3.35p yield Ca = Aa = 0,a = 1,2,3, since n > 1. Consequently, 
2uJa = JpCp — J/3 A/3 = by H3.32|l and (|3.18p . Thus the equivalence of i) and iii) is proved. 

Let ii) holds. Then we compute that 6a = ^7^/3,0. Since n > 1, the equality H3.38p leads to 
Cq = 0, a = 1, 2, 3, which forces = 0, a = 1, 2, 3 as above. This completes the proof. Q.E.D. 

The next theorem shows that PQKT manifolds are stable under a conformal transformations. 
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Theorem 3.10. Let {M, g, { Ja),V) be a 4^- dimensional PQKT manifold. Then every pseudo- 
Riemannian metric g in the conformal class [g] admits a PQKT connection. If g = fg for a 
function f then the PQKT connection V corresponding to g is given by 

(3.40) g{VxY, Z) = fg{VxY, Z) + ^ {df{X)g{Y, Z) + df{Y)g{X, Z) - df{Z)g{X, Y)) 

-\ {eaJadf A F„ + e^Jpdf A Fp + e^J^df A F^) (X, Y, Z). 

The torsion tensors T and T and the torsion 1-forms t and tofV and V are related by 

(3.41) f = fT- eaJadf A Fa- epJpdf A Fp - e^J^df A F^. 



(3.42) t = t-{2n + l)d\nf. 

Proof. First we assume n > 1. We apply Theorem l3.5l to the paraquaternionic Hermitian manifold 
(M, ^ = {Jo) G IP). We denote the objects corresponding to the metric 5 by a line above the 
symbol e.g. Fa denotes the Kahler form of Ja with respect to g. An easy calculation gives the 
following sequence of formulas 

(3.43) daF+ = -eaJadf AFa + fdaF+; ea = ea + {2n-l)dlnf; 0^^ = 6^,^ + e^Jpdln f . 
We substitute lt03ll into (l3^ . (IT35ll and itTMll to get 

(3.44) Ka = Ka-2eaJpdlnf, A = A, = uJa - eaJpdln f. 

Using (j3.43|l and H3.44|l we verify that the conditions (|3.24p with respect to the metric g are fulfilled. 
Theorem 13.51 implies that there exists a PQKT connection V with respect to {g,P). Using the well 
known relation between the Levi-Civita connections of conformally equivalent metrics, (|3.43p and 
!^J^ . we obtain from ^1^ . 

Using ipOHl . we get ipTITIl and consequently 1^321) • Q.E.D. 

Namely, any conformal metric of a PQK, HPK or HPKT manifold will give a PQKT manifold. 
This leads to the notion of locally conformally PQK (resp. locally conformally HPK, resp. locally 
conformally HPKT) manifolds (briefly I.e. PQK (resp. I.e. HPK, resp. I.e. HPKT) manifolds) in the 
context of PQKT geometry. 

We recall that a paraquaternionic Hermitian manifold (M, g, P) is said to be I.e. PQK (resp. I.e. HPK, 

resp. I.e. HPKT) manifold if each point p € M has a neighborhood Up such that g is conformally 

Up 

equivalent to a PQK (resp. HPK, resp. HPKT) metric. 

For example, the Kodaira-Thurston surface modeled on 5L(2,M)xM/r is on example of a compact 
l.c.HPKT which is not globaly conformal HPKT pj. 

Theorem 13. 1()| Theorem 13.51 together with Proposition 13.61 and Proposition 13.91 implv the following 

Corollary 3.11. Every I.e. PQK manifold admits a PQKT structure. 

Further, if {M,g, (Ja), V) is a 4n- dimensional n > 1 PQKT manifold then: 
i) (M, g, (Ja), V) is a I.e. PQK manifold if and only if 

(3.45) T = -^-^{taAFa + tpAFp + t^AF^), dt = 0; 
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ii) (M, g, ( Jq), V) is a l.c.HPKT manifold if and only if the 1-form 6a + e-aJp6a,'y is closed i.e. 

Hi) {M,g, {Ja), V) is a l.c.HPK manifold if an only if i3.45{ ) holds and 

f) TO -^il^, 

ln+ 1 

4. Curvature of a PQKT space 

Let R = [V, V] — V[ ] be the curvature tensor of type (1,3) of V. We denote the curvature tensor 
of type (0,4) i?(X, y, Z, V) = g{R{X, Y)Z, V) by the same letter. There are three Ricci forms and 
three scalar function given by 

Pa{X, Y) = -Y, ^iRiX, Y, a, Jae^), a = 1,2, 3, 

i=l 
An 



Scala,/3 = '^eieaPa{ei,Ji3ei), a,(3 = 1,2,3. 



1=1 



Proposition 4.1. The curvature of a PQKT manifold {M,g, (Jq,), V) satisfies the following rela- 
tions 

(4.46) [R{X,Y),Ja] = -{-eaP^{X,Y)®Jp + eaP^{X,Y)®J^), 



n 



(4.47) e^Pa = dijJa + ^a^P A UJ.y. 

Proof. We follow the classical scheme (see e.g. (SOj)- Using (|2.ip . we obtain 

[R{X, Y), Ja] = {dujp + epuj^ A uJa){X, Y) + e^{duj^ + e^oja A oJp){X, Y) ® Jp. 
Taking the trace in the last equality, we get 



4n , 4n 



1 C \ 1 t \ 

Pa{X, ^) = 2 X] ^' "^"^i) = ~ 2 ^ epeiR{X, Y, JpCi, JaJpei) 

i=l i=l 
^ 4n 

= --^^eiR{X,Y,ei,Jaei) + 2ne^{duJa + e«u;^ A a;^)(X, T). 



i=l 

Q.E.D. 

Using Proposition 14.11 we find a simple necessary and sufficient condition a PQKT manifold to 
be a HPKT one, i.e. the holonomy group of V to be a subgroup of Sp{n,W). 

Proposition 4.2. A J^n- dimensional (n > 1) PQKT manifold is a local HPKT manifold if and only 
if all the three Ricci forms vanish, i.e pi = p2 = ps = 0. 

Proof. If a PQKT manifold is a HPKT manifold then the holonomy group of V is contained in 
Sp{n,'R.). This implies pa = 0, a = 1,2,3. 

For the converse, let the three Ricci forms vanish. The equations H4.47|l mean that the curvature 
of the ^^(l,]^) connection on P vanish. Then there exists a local basis (/a, a = 1,2,3) of almost 
(para)complex structures on P and each la is V-parallel i.e. the corresponding connection 1-forms 
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w/^ = 0, a = 1,2,3. Then each is a (para) complex structure, by (|3.17|l and (|3.18p . This imphes 
that the PQKT manifold is a local HPKT manifold. Q.E.D. 
The Ricci tensor Ric and scalar curvatures Seal and Scala of the PQKT connection V are defined 

by 

in An An 

Ric{X, Y) = eiR{ei,X, Y, Cj), Seal = eiRic{ei,ei), Scala = — eiRic{ei, Ja^i)- 

i=l 1=1 1=1 

We denote by Ric^ ,Scal^ ,p^, etc. the corresponding objects for the metric g, i.e. the same ob- 
jects taken with respect to the Levi-Civita connection V^.We may consider {g, Jo) as an almost 
(para)Hermitian structure. The tensor y) = p%{X^ JaY) is known as the -k— Ricci tensor 

of the almost (para)Hermitian structure. It is equal to y) = — ^^"^^ i?^(ei, X, J^y, J^ej) by 

the Bianchi identity. The function Seala is known also as the scalar curvature. In general, the 
^— Ricci tensor is not symmetric and the -k— Einstein condition is a strong condition. We shall see 
in this section that the scalar curvature functions are not independent and we define a new scalar 
invariant, the "paraquaternionic -k— scalar curvature" of a PQKT space. 
Our main technical result is the following 

Proposition 4.3. Let (M, g, {Ja),V) he a 4n-dimensional PQKT manifold. The following formulas 
hold 

(4.48) neaPa{X, J^Y) + efsPfsiX, JpY) + e^p^iX, J^Y) = 

Ti 

nRic{X, Y) + -eaidTUX, J^Y) - n{V xt){Y)- 

(4.49) (n- l)e,p„(X,^y) = ''^'^ ' Rie{X ,Y) - 'p^{V^t)Y+ 

n + 2 (n + 2) 



n 



{{n + l)ea{dT)a{X, JaY) - ep{dT)p{X, JpY) - e^{dT\{X, J^Y)} 



4(n + 2 

where {dT)a{X,Y) = J^^Zi eidT{X,Y,ei, JaCi). 

Proof. Since the torsion is a 3-form, we have [201 [2 



(4.50) (v^r)(y, z, u) = {VxT)(y, z,u) + \ {g{T{x, y), r(z, ^7)} 

where ^yz denote the cyclic sum of X, y, Z . 
The exterior derivative dT is given by 

(4.51) dT{X, Y, Z, U) = {(VxT)(y, Z, U) + g{T{X, Y),T{Z, U)} 

-iVuT){X, y, Z) + {g{T{X, Y),T{Z, U)} . 



The first Bianchi identity for V states 

(4.52) xyz^^^'^'^'^) = x 

We denote by B the Bianchi projector i.e. B{X, Y, Z, U) = ^yz-^^-^' ^' 



(4.52) RiX, y, Z, U) = { ( VxT) (y, Z, U) + g{T{X, Y) , T{Z, U)} 
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The curvature of the Levi-Civita connection is connected by R in the following way 

R3{X, Y, Z, U) = R{X, Y, Z, U) - \{\/ xT){Y, Z, U) + ^(VyT)(X, Z, U) 

(4.53) -\g{T{X,Y),T{Z,U)) - \g{T{Y, Z),T{X,U)) - \g{T{Z,X),T{Y,U)). 

Define D by D{X, Y, Z, U) = R{X, Y, Z, U) - R{Z, U, X, Y), we obtain from KK^ 

(4.54) D{X,Y,Z,U) = 

^ (VxT) {Y, Z,U)-^ ( Vy T) (X, Z,U)-^ {VzT){U, X,Y) + ^ (VuT) {Z, X,Y), 
since of R^ is zero. 

Using H4.46|l and (|4.52p . we find the following relation between the Ricci tensor and the Ricci 
forms 

^ 4n 

(4.55) Pa{X,Y) = --^{ei{R{Y,e^,X,J^ei) + eiR{e^,X,Y,J^ei)) + 

i=l 

^ 4n ^ ^ in 

+- ^^^(^' ^' J^'^i) = - 2^^c(^' •^"^) + 2^'<^^ Jc.Y) + - ^ eiB{X, Y, a, J^e,) 

i=l i=l 

+^{-eo,pp(J^Y,X) + eaPp{J^X,Y) - eap^{JpX,Y) + ec,p^{JpY,X)} . 
On the other hand, using (j4.46p . we calculate 

4 4n 

(4.56) ^eiZ)(X,ei,J„e„y) = ^{e,i?(X,ei,J«e„y)+eii?(y,ei,J«e,X)} 

i=l 1=1 

= Ric{Y, JaX) + Ric{X, JaY) 

+ ^ {^aPt^iX, J^Y) + eaPl3{y, J-yX) - CaP^yiY, JpX) - CaP-yiX, J/jl")} . 

Combining (|4.55p and H4.56|l . we derive 

(4.57) neaPaiX, J^Y) + eppp{X, JpY) + e^p^{X, J^Y) = 

ft Ti 

nRic{X, Y) + -eaBa{X, J^Y) + -eaDa(X, J^y), 

where the tensors and are defined by Ba{X, Y) = Yl^=i ^iB{X, Y, Cj, Ja^i) and 
Da{X,Y) = Y^f!l^eiD{X,ei, Jaei,Y). Taking into account H4.54|) . we get the expression 

(4.58) Da{X,Y) = -i'^xt){JaY)-{VYt){JaX) a = 1,2,3. 

To calculate Ba + Da we use (IT5TI1 twice and (IT"58ll . Aft er some calculations, we derive 

^ 4n 

(4.59) BaiX, Y) + Da{X, Y) = e^dT{X, Y, a, J^ei) - 2{V xt){JaY),a = 1, 2, 3. 

i=i 

We substitute l|4.59|l into (|4.57|1 . Solving the obtained system, we obtain 

(4.60) (n - l){eaPa{X, J^Y) - eppp{X, J^Y)) = -(e,(dr),(X, J^Y) - ep{dT)p{X, J^Y)). 
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Finally, (ITKTll and lITKflll imply lIT^ . Q.E.D. 

Theorem 4.4. On a PQKT manifold (M^",5, (J„) € P) (n > 1) the (2,0) + (0,2)-parts of the Ricci 
forms Pa, Pi3 with respect to coincide in sense that the next identity holds 

(4.61) PaiJpX, JpY) + epPa{X, Y) + e^p^iJf^X, Y) + e^p^iX, J^Y) = 
Proof. We need the following 

Lemma 4.5. The tensors La:{X,Y) = Y^^=i^ig{T{X,ei),T{Y, J^ei), for a = 1,2,3 are related by: 

(4.62) LaiJfsX, JpY) + epL^{X,Y) + e^L^{JpX,Y) + e^L^{X, JpY) = 
Proof. The formula (|4.62|1 follows from equalities 

4n 4n 

La{X, Y) = Y, eig{T{X, e,),T{Y, J^e^)) = -J2 ^idinx, Jaei),T{Y, e,)) = 
i=l 1=1 

An in 

= ^i^jT{X,ei,ej)T{ej,Y,Jaei) = ^ eiejT{X,ei,ej)g(T{ej,Y),Jaei) = 

i,j=l i,j=l 

4n 4n 

= XI ^i^jT{X,ej,ei)g{ei,JaT{Y,ej)) = - ^ejg{T{X,ej), JaT{Y,ej)) 

i,j=l j=l 

and property ^J^. Q.E.D. 
From the first Bianchi identity the next sequence of equalities 

4n 4n 

2paiJpX, JpY) + J2 ^iRiJ^y, ei, JpX, JaCi) + e,R{ei, JpX, JpY, J^et) = 2e^{V ji,xt)J^Y - 

i=l i=l 
An An 

2e.,{Vj^Yt)J.,X + ei{VeT){JpX, JpY, J^Ci) + ^ e^g{T{JpX, JpY),T{ei, J^Ci)) - 2La{JpX, JpY). 

i=l i=l 
An An 



2eppa{X, Y) + Y ^i^i3R{Y, ei,X, J^ei) + ^ eiepR{ei,X, Y, J^et) = -2€p{V xt)JaY + 

1=1 i=l 
An An 

2ep{\/Yt)JaX + Y eie/3(Ve,T)(X, Y, J^Ci) + ^ eiepg{T{X, Y),T{ei, J^et)) - 2epLa{X, Y). 



i=i i=i 

An An 



2e-yp^{JpX, Y) + Y eie^Riy, Cj, JpX, J^ei) + ^ eie-yR{ei, JpX, Y, J^a) = -2e^{V ji^xt)J^Y - 

i=l i=l 
An An 

2ep{VYt)JaX + Y eie^{VeT){JpX, Y, J^e,) + ^ eie^g{T{JpX, Y),T{ei, J^a)) - 2e^L.,{JpX, Y). 



i=l i=l 
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4n 4n 

2e^p^{X, JfsY) + ^ eiejR{Jf3Y, Cj, X, J^a) + ^ eieyR{ei,X, JpY, JyCi) = 2e/3(Vxt) 
j=i 1=1 

An An 

2e.,{Vj^^Yt)J.,X + eie^{Ve,T){X, J^Y, J^e,) + ^ eie^5(2^(^, JpY),T{ei, J^e,)) - 2e^L^(X, J^y). 

i=l j=l 

The sum of all these equalities, (|4.4f)|) and the fact that T is (1, 2) + (2, l)-form with respect to each 
Ja, gives 

^t^p^(^j X,J^Y) + ^t^, p^^x,Y) + ^t^, p^j x,Y) + ^^^^e,p,iX,JpY) = 

n I- I- n n n 

= -2L^{JpX, JpY) - ep2L^{X,Y) - e^2L^{JpX,Y) - e^2L^{X, JpY). 

From LemmE l¥3] and fact that (n > 1), we have (|4.6ip Q.E.D. 
We easily derive from Theorerr )4.4l 

Corollary 4.6. The (2,0) + (0,2)-parts of the 2-forms {dT)a, [dT)p with respect to coincide. 

Theorem 4.7. On a 4n- dimensional (n > 1) PQKT-manifold the following formula hold 

(4.63) e„pa(X, J«y) + e„p«(J„X,y) = -_ y) + e„(it( J„X, j„y)) 

In particular, pa is of type (1, 1) with respect to Ja,a = 1, 2, 3 if and only if dt is of type (1, 1) with 
respect to each Ja,a = 1,2,3. 

Proof. From the first Bianchi identity, formulas (|3.16|) and (|4.46j) follow 
(4.64) 

2(e„/j„(x,j^y)+e„/)«(JaX,y))-e«(i?ic(j^x, j„y)-iiic(j«y, JaX))-((ffic(x,y)-ffic(y,x))+ 

+^{e,3Pf^{X,JfsY) + e(iP,3{J(}X,Y) + e^Pj{X,J^Y) + e^p^{J^X,Y)-pf3{JaX,J^Y)-p^{J^X,JaY)+ 

+p^{JaX,JpY) + p^{JpX,JoX)) = -2{dt{XX)+eadt{J^X,J^Y)) + 5T{X,Y)+ea5T{J^X,J^Y). 
First, we substitute X —i- JaX into ()4.61() to 

(4.65) e^paiJ^X, JpY) + e^p^iJaX, Y) + p^iJ^X, Y) + e^p^( J«X, J^Y) = 
After that we substitute Y JaY into (|4.6H) to get 

(4.66) e^paiJpX, J^Y) + epPa{X, JaY) + p^{X, J^Y) + e^p^{JpX, J^Y) = 
Summing up (|4.65|) and (|4.66j) . we obtain 

(4.67) e^PaiX, JaX) + eaPaiJaX,Y) = e^p.f{J^X,Y) + e^P-/{X, JyY) + 

+p^iJaX, JpY) + p^{JpX, JaY) + (paiJ^X, JpY) + PaiJfsX, J^Y)) 

We make the cyclic permutation (a, /5, 7) (/?, 7, a) in (|4.67|) to obtain 

(4.68) eaPaiX, JaY) + eaPaiJaX, Y) = eppp{JpX, Y) + eppp{X, JpY)+ 

-pfsiJaX, J^Y) - pp{J^X, JaY) - {paiJ^X, JpY) + /9„( J^X, J^Y)) 

Adding (|TH7|l to (jl^Hl), we get 

(4.69) 2{eaPa{X, JaY) + eaPa{JaX, Y)) = e^p^iJ^X, Y) + e.,p^{X, J^Y)+ 
+eppp{JpX, Y) + eppp{X, JpY) + p^{JaX, JpY) + p^{JpX, JaY)- 
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Now, equalities (gSH), (ITfiSl) . and Ric{X,Y) - Ric{Y,X) = -5T{X,Y) (see [25]) prove the 

assertion. Q.E.D. 

Corollary 4.8. On a 4n- dimensional (n > 1) PQKT-manifold the following formula hold 

Tl — 1 

(4.70) e«p^(X, J„y) +e„/5^(J„X,y) = - . , . {dt{X,Y) + eo,dt{ J^X, J,,Y)) 

2{n + 1) 

In particular, p* is symmetric if and only if dt is of type (1, 1) with respect to each Ja,ct = 1, 2, 3. 
Proof. We get from that 

eMX,JaY) + eMJaX,Y) = e„/9,(X, J„y) + e„p„( J«X, y) + ]^{dt{X,Y) + eo,dt{J^X, J^Y)). 
Now is a consequence of Q.E.D. 

Proposition 4.9. On a ^n- dimensional (n > 1) PQKT-manifold we have the equalities: 

(4.71) Scala^a = Scalp^p = Scal^^^, Scala^p = 0, Scala = 2^dt, 
Proof. Using H4.7,Sp . we obtain 

2(71 — 1) 

(4.72) ^ ^ ' {Pa{X, JaY) - pp{X, JpY)) = {{dTUX, J^Y) - {dT)^{X, J^Y)); 

(4.73) (n - l)eaPa{X, J^Y) = "^^"^ ~ ^\ tc{X , Y) - "^"^ ~ (Vxt)y+ 

n-\- 1 n -\- 2 

Tl 

+ 4^^ {(" + l)ea((iT),(X, J„y) - e^(dr)^(X, J^y) - e^{dT)^{X, J^Y)} . 

Take the appropriate trace in H4.72|l . to get Scala^a = Scalp^p, Scala^p = 0. The last equality in 
(|4.71() is a direct consequence of Scala^p = and (|4.73() . Q.E.D. 

Definition. The three coinciding traces of the Ricci forms on a An dimensional PQKT manifold 
(n > 1), give a well-defined global function. We call this function the paraquaternionic scalar 
curvature of the PQKT connection and denote it by Scalf := Scala,a- 

Proposition 4.10. On a 4n- dimensional {n > 1) PQKT manifold we have 

(4.74) 5ca/£ = Scal^ = Scal^ = Scalp - 5t + - ^WTW"^ , -e^Scal'^^^^ = Scal^ = ^{dt,^^). 

Proof. The curvature R^ of the Levi-Civita connection is related to R via (|4.53|1 Taking the 
traces in (|4.53|l and using (|3.1tj|) . we obtain 

(4.75) eapUX^JaY) = e^p^iX, J^Y) + ^{Vxt)Y - e^^iV j^Yt)JaX 



+ ^eat{JaT{X, JaY)) + eiCag {T{X, ei),T{JaY, J^a)) , 

i=l 

To finish, take the appropriate traces in (j4.75p and apply Proposition 14.91 Q.E.D. 
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Definition. The three coinciding traces of the Riemannian Ricci forms on a 4n dimensional PQKT 
manifold {n > 1), give a well-defined global function. We call this function the paraquaternionic 
*-scalar curvature and denote it by Scalp := Scal%^. 



Proposition 4.11. On a 4^- dimensional (n > 1) PQKT manifold {M,g,F) the scalar curvatures 
are related by 

Scal^ = ^^^5ca/p-3(5t + 2||t|P-— IITIP, 
n 12 

Scal^ = Scalq — 6t + \\t\\'^ — —\\T\\'^ , 

Seal = ^^^Scalw-SSt + mW"^ --\\T\f. 
n 3 



Proof. We derive from (|4.53|l that 

2n 

4 

i=l 

1, 



1 1 ^" 

(4.76) Ric9{X,Y) = Ric{X,Y) + -5T{X,Y) + -Y,9{nX,ei),T{Y,ei)) 



Scal!^ = Seal + ^WTW^ . 

Take the trace in H4.73jl to get the first equality of the proposition. The second equality is already 
proved in Proposition 14.741 The last one is a consequence of H4.76|l and the already proven first 
equality in the proposition. Q.E.D. 



5. PQKT MANIFOLDS WITH PARALLEL TORSION AND HOMOGENEOUS PQKT STRUCTURES 

Let {G/K,g) be a reductive (locally) homogeneous pseudo-Riemannian manifold. The canon- 
ical connection V is characterized by the properties Vg = VT = VR = |22|. A homoge- 
neous paraquaternionic Hermitian manifold (resp. homogeneous hyper para-Hermitian) manifold 
{G/ K, g,F) is a homogeneous pseudo-Riemannian manifold with an invariant paraquaternionic Her- 
mitian subbundle P (resp. three invariant anti commuting (para) complex structures ). This means 
that the bundle P (resp. each of the (para)complex structures) is parallel with respect to the canon- 
ical connection V. The torsion of V is totally skew-symmetric if and only if the homogeneous 
pseudo-Riemannian manifold is naturally reductive. Homogeneous PQKT (resp. HPKT) manifolds 
are homogeneous paraquaternionic Hermitian (resp. homogeneous hyper para-Hermitian) manifold 
which are naturally reductive. 

We show that there are no homogeneous PQKT manifold with torsion 4-form dT of type (2,2) with 
respect to each Jq, in dimensions greater than four. First, we prove the following technical result 

Proposition 5.1. Let {M, g, (Ja), V) be a 4n- dimensional {n > 1) PQKT manifold with 4-form dT 
of type (2,2) with respect to each Ja,a = 1,2,3. Suppose that the torsion is parallel with respect to 
the PQKT-connection. Then the Ricci forms pa are given by 

(5.77) €o,pUX,JaY) = XgiX,Y), a = 1,2,3, 

where X is a smooth function on M . 
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Proof. Let the torsion be parallel i.e. VT = 0. This implies that the Ricci tensor is symmetric 
plj . The equalities (n3Tll and llT52ll lead to 

(5.78) B{X, y, Z, U) = {g{T{X, Y),T{Z, U)} = ^dT{X, Y, Z, U). 
We get D = from 

Suppose now that the 4-form dT is of type (2,2) with respect to each Ja-,ot = 1,2,3.. Then it 
satisfies the equalities 

(5.79) -eadT{X, Y, Z, U) = dT{JaX, J^Y, Z, U) + dT{JaX, Y, J^Z, U) + dT{X, J^Y, J^Z, U). 

The similar arguments as we used in the proof of Proposition IH.ll but applying (|5.79p instead of 
itTTTHl . yield 

Lemma 5.2. On a PQKT manifold with 4-form dT of type (2,2) with respect to each Ja, a = 1,2, 3, 
the following equalities hold: 

(5.80) (dT)i(X, JiF) = {dT)2{X, J2Y) = -{dT^X, J^Y), 



(5.81) {dT)^[X,J^Y) = -{dT)o^{J^X,Y), a = 1,2,3. 
We substitute lt5^ . l[578ll and L» = into (IT"73ll to get 

(5.82) pi{X,JiY)=p2{X,J2Y) = -p^{X,hY), 

Ti ft 

(5.83) eo,po,{X,J^Y) = —-Ric{X,Y) + ———eo,{dT)^{X,J^Y), a = 1,2,3. 

n + 2 4(n + 2) 

The equality H5.8ip shows that the 2-form dTa is a (l,l)-form with respect to Ja- Hence, the dTa 
is (l,l)-form with respect to each Ja,0( = 1,2,3, because of H5.8n|l . Since the Ricci tensor Ric is 
symmetric, H5.83|l shows that the Ricci tensor Ric satisfies Ric{JaX, JaY) = —eaRic{X,Y), a = 
1, 2, 3 for each Ja and the Ricci forms pa, a = 1, 2, 3 are (l,l)-forms with respect to all Ja, a = 1,2, 3. 
Taking into account H4.46|) . we obtain 

(5.84) -eaR{X, JaX, Z, JaZ) + R{X, JaX, JpZ, J^Z) + RiJpX, J^X, Z, JaZ)- 

-eaR{Jf3X, J^X, JpZ, J^Z) = i {-eaPa{X, JaX) + Pa{J/3X, J^X)) g{Z, Z) = 

2 

= (-aPa{X, JaX)g{Z, Z) 

n 

where the last equality of (|5.84p is a consequence of the following identity 

Pa{JpX,J^X) = epPp{JpX,X) = —eaPa{X, JaX). 

The left hand side of (|5.84p is symmetric with respect to the vectors X, Z because D = 0. Hence, 
/?Q,(X, JaX)g{Z, Z) = Pa{Z, JaZ)g{X, X), a = 1,2, 3. The last equality together with H5.82p implies 
lEIZI Q.E.D. 
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Theorem 5.3. Let {M, g, {Ja)) be a 4n- dimensional (n > 1) PQKT manifold with 4-form dT of 
type (2,2) with respect to each Ja,0! = 1,2,3. Suppose that the torsion is parallel with respect to the 
PQKT-connection. Then {M,g,{Ja)) is either a HPKT manifold with parallel torsion or a PQK 
manifold. 

Proof. We apply Proposition 15.11 If the function A = then pa = 0, a = 1,2,3, by (|5.77|1 and 
Proposition 14.21 implies that the PQKT manifold is actually a HPKT manifold. 

Let A / 0. The condition l(E77|l det ermines the torsion completely. We proceed involving l|4.47|l 
into the computations. We calculate, using (|2.1|l and l|5.77|l . that 

(5.85) {VzPaXX, Y) = X {LUf,{Z)F-,{X, Y) + e^L0^{Z)Ff3{X, ¥)} + d\{Z)F^{X, Y). 
Applying the operator d to (|4.46p . we get taking into account (j5.77p that 

(5.86) dpa{X, Y, Z) = X{e^Ff^ Au^ + u/sA F^) 
On the other hand, we have 

(5.87) dpa = ^y^{{VzPa){X,Y) + X{T{X,Y,J^Z)}, a = 1,2, 3. 
Comparing the left-hand sides of H5.86|l and (|5.87p and using (|5.85p . we derive 

^XYZ {9iT{X,Y),JaZ)} = -dXAFa{X,Y,Z), a = 1,2,3. 

The last equality implies AT = —eaJadX A Fa, a = 1,2, 3. If A is a non zero constant then T = 0. 
If A is not a constant then there exists a point p E M and a neighbourhood Vp of p such that 



A 



/ 0. Then 



(5.88) T = -CaJadlnXAFa, a = 1,2,3. 
We take the trace in l|5.88p to obtain 

(5.89) 4(n- l)Ja(ilnA = 0, a = 1,2, 3. 

The equation (|5.89p forces dX = since n > 1 and consequently T = by H5.88p . Hence, the QKT 
space is a QK manifold which completes the proof. Q.E.D. 

On a locally homogeneous PQKT manifold the torsion and curvature are parallel and Theorem 15. 31 
leads to the following 

Theorem 5.4. A (locally) homogeneous ^n- dimensional {n > 1) PQKT manifold with torsion 4- 
form dT of type (2,2) is either (locally) homogeneous HPKT space or a (locally) symmetric PQK 
space. 

Theorem 15 .41 shows that there are no homogeneous (proper) PQKT manifolds with torsion 4-form 
of type (2,2) in dimensions greater than four. 
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